We outline a connection between scalar quark confinement, a phenomenologically successful concept heretofore lacking fundamental justification, and QCD. Although scalar confinement does not follow from QCD, there is an interesting and close relationship between them. We develop a simple model intermediate between scalar confinement and the QCD string for illustrative purposes. Finally, we find the bound state masses of scalar, time-component vector, and string confinement analytically through semi-classical quantization.
I. INTRODUCTION
Going beyond the non-relativistic potential model of quark confinement means that more than the static interaction energy must be specified. In the language of potential models the Lorentz nature of the interaction is needed. To agree with the observed spin-orbit splitting it was proposed long ago [1] that the large distance (confining) potential is a Lorentz scalar. In this case there is no magnetic field to influence the quarks' spins and the only spin-orbit interaction is the kinematic "Thomas term." The Thomas type spin-orbit interaction partially cancels that of the short range one-gluon exchange, in agreement with the observed spectrum.
Some insight into the use of the scalar potential was given by Buchmüller [2] . His argument is that at large distances one expects the QCD field of the quarks to become string-or flux-tube-like. The QCD flux tube is purely chromoelectric in its rest frame, and hence in the rest frame of each quark there is no chromomagnetic field to provide a spin-orbit interaction. The scalar interaction yields this same result by fiat; there is no magnetic field anywhere because it is not a vector-type interaction. This provides some justification for using the scalar potential but does not establish a direct connection. It agrees only in having the same spin-orbit interaction at long range as QCD.
Subsequently it was shown that for slowly moving quarks, QCD predicts both spin-dependent [3] and spin-independent [4] relativistic corrections. The long-range spin dependence is just the Thomas type spinorbit interaction. The spin-independent corrections differ from those of scalar confinement [5, 6] . It also has been established that the QCD predictions at long distance are the same as those of a string or flux tube interaction [6] . Lattice simulations also favor the Thomas interaction [7] .
Since spin-independent effects are difficult to identify from the data, scalar confinement remains phenomenologically successful. As scalar confinement is also relatively simple computationally, it continues to be a popular and useful tool in hadron physics. It should be pointed out that its use in the Salpeter equation leads to cancellations [8] in the ultra-relativistic limit, resulting in a very non-linear Regge trajectory [8] [9] [10] .
Although scalar confinement has been used for a long time in hadron physics, its relation to QCD has never been clarified. It is the purpose of this paper to place scalar confinement in relation to QCD and in particular to the QCD string. In section II we point out that there is a certain four-vector potential that is isomorphic to a scalar potential. In section III we compare this four-vector potential to the QCD string.
Noting certain similarities and differences, we propose a model intermediate between the string and scalar confinement. The semi-relativistic reductions for scalar, time-component vector, intermediate, and string confinements are compared in section IV. Although by construction, all these confinement models have the same non-relativistic limit, their relativistic reductions differ. In section V we explore the "ultra-relativistic" Regge sector with a massless quark via semi-classical quantization. The Regge behavior of the different confinement models show some remarkable similarities and differences. Finally, in section VI we present our conclusions and summarize our work.
II. THE FOUR-VECTOR POTENTIAL ISOMORPHIC TO THE SCALAR POTENTIAL
The action for a scalar (spinless) quark moving in Lorentz scalar and four-vector potentials, φ(x), and A µ (x) respectively, is
where m is the rest-mass of the quark, u µ is the quark's four-velocity, and dτ is the proper time element dt/γ. The quark four-velocity, u µ = (γ, γv),
0, the action (2.1) reduces to the usual scalar potential action. On the other hand, when φ(x) = 0, the action (2.1) describes a quark moving in an "electromagnetic" (U (1) ⊂ SU (3) color ) color field. It was pointed out by Buchmüller [2] that in the rest frame of the QCD flux tube there is no color magnetism so that the only spin orbit interaction is Thomas precession. If we want to implement Buchmüller's criterion we may assume [11] that in the quark rest frame
where φ(r) ≡ A 0 (x) is the time component of A µ (x). In the laboratory frame, where the quark velocity is v, the four-vector potential is
We note that the components depend on both position and velocity. The vector potential contributes to the action (2.1) as
The resulting contribution is exactly the same as the scalar potential in Eq. (2.1). The four-vector potential corresponding to φ(r) = ar was discussed by us earlier in Ref. [11] . By this simple demonstration we have shown that there are two Lorentz type potentials that have identical consequences. The four-vector version is apparently more closely related to QCD. As we will see, we can quite closely draw similarities and differences.
III. COMPARING SCALAR AND STRING CONFINEMENT -AN INTERMEDIATE MODEL EMERGES
For a spinless quark moving relative to a heavy quark at the origin, the action can be written as the time integral of a function of the light quark's position and velocity,
If we consider the quark as a particle of mass m moving in a linear scalar confining potential φ(r) = ar, its Lagrangian is
At large distances, QCD is thought to resemble a Nambu-Goto string or flux tube model. For a scalar quark at the end of a straight flux tube, the corresponding Lagrangian is [12] 
where v ⊥ is the quark velocity transverse to the string. Comparing the scalar and string interactions, we see there are two evident differences. The first is that the string energy is spread along the length of the string whereas in the scalar potential case the energy may be thought of as being concentrated at the quark coordinate. The second is that because of the reparametrization invariance of the Nambu-Goto action (which physically is the invariance of an electric field to boosts along its direction), from which Eq. (3.3) follows, only the transverse velocity of the string may appear in the interaction energy. The first distinction can be considered as a quantitative one which leaves the basic structure unchanged. This difference changes the velocity dependence of the additional three-momentum due to the interaction from p = arv in the scalar case to p =
The second distinction has far-reaching consequences. In a non-rotating (s-wave) system, the scalar interaction contributes to the momentum whereas the string does not. The string Hamiltonian contributes only as the time component of a vector potential (vector-like) while the scalar Hamiltonian remains scalar.
It is instructive to construct a confinement model in which one of the above distinctions is removed. We will briefly consider the intermediate model having Lagrangian
We note that although the interaction is concentrated at the quark position, it depends only on the transverse velocity. This Lagrangian will lead to a Hamiltonian having characteristics of the string while remaining algebraically tractable.
In the usual way, the Hamiltonian corresponding to Eq. (3.4) is found to be 5) and the angular momentum, J = ∂L Int /∂ω, with v ⊥ = ωr, is
Unlike in the string system, the velocities here can be eliminated in favor of the momenta, making this model much more tractable. From the definition of radial momentum
the useful identity
follows. Using the identity (3.8), we find that H Int and J of Eqs. (3.5), (3.6) become
We can solve Eq. (3.11) for γ ⊥ using v
⊥ , and substituting into Eq. (3.10) to obtain
IV. COMPARING RELATIVISTIC CORRECTIONS OF SPINLESS CONFINEMENT MODELS
As we have seen, there are several types of confinement models, even for spinless quarks. In this section we will enumerate and compare the relativistic reductions of various models. We first consider the relativistic reductions of the classic static potential models.
A. Scalar confinement
From the scalar interaction Lagrangian (3.2) with φ = ar, we find the canonical three-momentum to be
which results in the Hamiltonian
For m ar and m p, we expand to obtain the relativistic corrections
Even though scalar confinement will yield, for spin-1/2 quarks, the spin-orbit interaction consistent with experiment, lattice, and QCD, the spin-independent terms in Eq. (4.3) are inconsistent with QCD [5, 6] .
B. Time component vector confinement
In time component vector confinement models, the potential ar is taken to be the (laboratory frame) time component of a vector potential A µ ; A µ = (ar, 0). The quark Lagrangian then is
The canonical three-momentum following from this Lagrangian, 5) leads to the Hamiltonian
There are no relativistic corrections other than kinetic energy corrections. Vector confinement is disfavored since the associated spin-orbit interaction adds to the short range spin-orbit interaction giving spin-orbit splittings that are too large when compared to experimental values or lattice simulations.
C. Intermediate model
The Hamiltonian for this model was given in Eq. (3.12). The relativistic reduction for m ar and m p is
Comparing to H scalar in Eq. (4.3), we see the same reduction except for the missing p r term. This might be expected since the interaction does not contribute to the radial momentum. We discuss this result further in the following subsection.
D. String confinement
The reduction of the string is discussed in Ref. [6] , where it was shown that the string contributes a rotational energy equal to that of a uniform rod of length r and mass ar. This energy is 10) where the geometrical factor k = 1 3 for a uniform rod. If all of the "mass" of the string is concentrated at the position of the moving quark end, then k = 1.
The "kinetic" energy term, when expanded, yields
In the semi-relativistic regime the momentum is mostly that of the quark with a small contribution from the "interaction." 13) and hence,
So, if one separates the Hamiltonian into the quark's energy plus an interaction energy ar + E R , then
This is exactly what one finds in the intermediate models with k = 1. The string Hamiltonian is then the same, only with k = This result follows systematically from the string invariants (5.18) and (5.19) in the large mass expansion [6] .
V. COMPARING REGGE STRUCTURES OF SPINLESS CONFINEMENT MODELS
In this section we explore both the analytic and the numerical solutions for the Regge spectroscopy expected from the previously considered models. In particular, we investigate the ultra-relativistic limit when the "light" quark has zero mass. The extension to two light quarks is straightforward. It is in this "massless" limit where straight Regge trajectories with evenly spaced daughter trajectories are obtained in many confinement models and a close correspondence to observed light and heavy-light mesons is expected. In our analytical work we will usually assume that the orbital excitations are large compared to the radial excitation. We may consequently expect the semi-classical quantization scheme to be quite accurate. Quantization is carried out by performing the phase-space integral,
where r ± are the classical turning points and Γ is a constant that depends upon the problem. * As shown by Langer [13] , the classical angular momentum J must be replaced by J + In all cases considered here, the quantization integral can be written, or accurately approximated by,
where y is either r or r 2 and C is a constant. This integral can be carried out to yield the the semi-classical quantization relation
A. Scalar confinement
We first consider the scalar case because of its simplicity and its central role in this paper. The square scalar Hamiltonian, (4.3), with the light quark massless is
This is equivalent to the three-dimensional harmonic oscillator and its eigenvalues are well-known to be
where J is now the angular momentum quantum number. To connect with the analytic solutions to the remaining confinement models we compute the semi-classical solution for this interaction. Semi-classical quantization starts with the separation of the momentum into angular and radial pieces,
r 2 , and hence
(5.6) * Roughly, Γ depends on the nature of the potential at the turning point. For two smooth turning points Γ = The classical turning points (p r = 0) satisfy 
which yields 9) identical to the exact solution (5.5).
In Fig. 1 we show the Regge plot for pure scalar confinement. The dots represent the exact numerical solution by the variational method, for instance see the appendix in Ref. [8] . The numerical solutions correspond to the unsquared Hamiltonian (4.2) with m = 0. The lines are the analytic solution, Eq. (5.5) or (5.9). We note that states of even (or odd) J are degenerate. This is unique among combinations of scalar and time-component vector potential confinement [15] .
It is important to note that the "ultra-relativistic" limit where the quark mass vanishes is in fact not ultra-relativistic for scalar confinement. The circular velocity is then given by
The massless quark moves at a velocity less than unity because the scalar interaction contributes an effective mass of ar 0 .
B. Time-component vector confinement
The Hamiltonian (4.6), with m = 0 and the replacement p
The first factor contains the classical turning points and the second has only distant zeros. To good approximation, we may use the zero condition M − ar = J/r from the first term in the second, and obtain
This is of the form of our general phase-space integrand in Eq. (5.2) with C = √ 2Ja, y = r, where the turning points satisfy
The quantization condition Eq. (5.3) becomes
Solving for M 2 , dropping the small squared radial excitation energy and making Langer's replacement of J by J + 1 2 , we find
Fig . 2 shows the Regge spectrum of time component vector confinement. The semi-classical quantization method yields the correct slope, radial excitation energy, and even nearly the correct J = 0 intercept.
C. Intermediate model
From the intermediate model Hamiltonian, Eq. (3.12), the Regge spectrum can be exactly computed numerically, which we show in Fig. 3 . The Regge trajectories are neither straight, nor equally spaced. The radial excitation energy is several times larger than the scalar confinement potential. A comparison of the intermediate and scalar Hamiltonians reveals that they coincide in the classical circular orbit limit. It is in radial excitation that the two models differ qualitatively. Of course, even the quantized n = 0 radial state has some radial excitation. A semi-classical quantization can also be done in this case and yields a complicated transcendental relationship between M 2 and J.
D. String confinement
In this subsection we find that the Regge structure of the confining string, with a massless quark at its end, resembles almost exactly scalar confinement once the energy is rescaled. This, despite the anomalous Regge trajectories of the "intermediate" model which was supposed to mimic the string. We will later discuss the reason for the occurrence. We begin with the string Lagrangian (3.3). The conserved quantities H and We observe that the combination of the shift and the half oscillator reproduces the J + 2n pattern of excitation seen in the harmonic oscillator, and hence in scalar confinement.
We can check the intercept (J = 0) by directly quantizing the s-wave states. From Eq. (5.19) with γ ⊥ = 1, we have
The quantization integral,
directly yields [16] .
VI. CONCLUSIONS AND SUMMARY
The concept of scalar confinement has been an important ingredient in hadron model building for over two decades. Its primary motivation was the resulting pure Thomas type spin-orbit interaction which partially cancels the vector type short range spin-orbit contributions. Despite its phenomenological success, scalar confinement has always had an uncertain relationship with fundamental theory. As pointed out by Buchmüller [2] , the desired spin terms follow if the color magnetic field vanishes in the quark rest frame. This situation assumes no interaction with the quark color magnetic moment and occurs naturally in the usual color electric flux tube expected from QCD. This observation originally was proposed to justify the use of scalar confinement [2] . We emphasize here that this does not imply that the scalar potential follows from QCD, only that they share a common spin-orbit interaction.
In this paper we have demonstrated that a four-vector confinement interaction we found previously [11] is equivalent to scalar confinement. This vector type interaction bears a close resemblance to the QCD string, although there are significant differences. We have primarily considered here a class of confinement models that share the same Thomas spin dependence. Our comparison of scalar and string/flux tube confinement has shown some interesting differences and similarities even with spinless quarks. We introduced an intermediate model that has aspects of both scalar confinement and the QCD string. In this intermediate model the energy depends only on the transverse quark velocity as expected in a straight string model. The interaction energy is effectively concentrated at the quark as in scalar potential interaction.
The spin independent relativistic corrections of scalar and string confinement differ, as has been known for some time [5, 6] . The relativistic corrections of the intermediate model are as if an extra transverse mass ar were concentrated at the quarks position. In the string case this same mass is distributed along the string.
It is in the massless limit where interesting distinctions arise. For pure linear scalar confinement the meson mass is exactly given by M 2 = 2a(J + 2n + 3/2), where J and n are the rotational and radial quantum numbers. The result, shown on the Regge plot in Fig. 1 , is a series of straight lines with an excitation pattern J + 2n. That is, there are degenerate mass towers of states of even or odd parities.
The (laboratory frame) time-component vector confinement again produces linear Regge trajectories, shown in Fig. 2 , but with no tower structure, owing to the excitation pattern J + √ 2 n with incommensurate contributions from the rotational and radial quantum numbers. Although one might expect that QCD, being a vector interaction like QED, would have a time-component interaction, it is evidently not timecomponent in the laboratory frame. This is precisely because the QCD field in which the quark moves is not chromoelectrostatic (purely chromoelectric and time-independent in the laboratory frame). Instead, the QCD field is dynamical because the quark drags a chromoelectric flux tube along with it as it moves. In this respect there are no "test charges" in QCD. The QCD field is purely chromoelectric in its rest frame, leading to time-component vector interaction in the quark's rest frame, which we have shown is mathematically equivalent to a scalar interaction. Neglect of the spatial distribution of the QCD field energy thus leads directly to scalar confinement. The string/flux tube picture is the result of taking into account the distribution of the field energy and momentum.
The intermediate model has a Regge structure very different from any of the other models studied here, with somewhat curved trajectories and an uneven pattern of radial excitation, as shown in Fig. 3 . Evidently, the modification of the interaction that removes interaction contributions to the radial momentum but leaves all the interaction energy and momentum at the quark's position makes the intermediate model less, rather than more, string-like in its consequences.
The string Regge spectroscopy, Fig. 5 , again is similar to that of scalar confinement, except with a different Regge slope. Due to the distribution of energy along the string, the quark now moves at the speed of light in the massless limit. This creates a horizon barrier so the quark appears to move in a half oscillator. The net effect is to give an energy spectrum M 2 = πa(J + 2n + 3/2) with the same tower of states structure as in the scalar case. Though the primary difference between the two theories is the manner in which the energy and momentum of the QCD field are distributed, the close relationship between their Regge structures appears to be accidental.
We have pointed out a close, but not exact, relationship between scalar confinement and the QCD string. One might wonder whether one could change the string tension and make the two even more similar. The answer lies in the static potential, which determines the low-lying states. Presumably, because they both arise from QCD, the string tension and the short-range potential are correlated, as should be confirmed by experiment and lattice simulation. One cannot redefine the string tension arbitrarily. Even were scalar confinement and the string/flux tube to yield the same Regge slope, their static potential and semi-relativistic reductions are different. 
